We study the variations of the worldvolume fields in the non-Abelian action for multiple D-branes. Using T-duality we find that the embedding scalars transform non-trivially under NS-NS gauge transformations as δX ∼ [X, X] and prove that the non-Abelian Chern-Simons action is invariant under these transformations. Given that T-duality relates the (part of the) NS-NS transformation with (part of the) general coordinate transformations, we can get some insight in the structure of non-Abelian coordinate transformations.
Introduction
The dielectric effect [1] is by now a well established phenomenon in modern string theory. The effect is a manifestation of the non-Abelian physics of multiple coinciding D-branes, which is a direct consequence of the U (1) N → U (N ) gauge enhancement in the worldvolume theory of a stack of D-branes [2] . Applications of the dielectric effect can be found in numerous parts of string theory: the polarisation of Dp-branes into a single fuzzy D(p + 2)-brane [3, 1, 4] , gravity duals of confining gauge theories [5, 6] , enhançons [7] , matrix models in non-trivial backgrounds [8] , a microscopic description of giant gravitons [9, 10, 11] and attempts to construct longitudinal 5-branes in Matrix theory [12, 13] , just to mention a few.
The effect is due to a number of non-Abelian terms in the Chern-Simons part of the worldvolume action of N coinciding Dp-branes, which allow the Dp-branes to couple to R-R forms of rank n > (p + 1). The presence of these non-Abelian couplings can be derived in several ways: either via Matrix theory methods [14] , at least for weakly curved backgrounds, or via T-duality, requiring that the Chern-Simons action is of the same form as the duality maps a Dp into a D(p − 1)-brane [1] , generalising to the non-Abelian case the calculation of [15, 16] . It was shown that in this case the U (N ) covariant derivative DX of the pullback, necessary in order for the action to transform well under U (N ) gauge transformations [17, 18] , is mapped by T-duality into a commutator term [X, X]. These commutator terms are usually referred to as the dielectric terms, as they allow solutions of polarised brane configurations.
Although the dielectric terms arise naturally form Matrix theory and T-duality and are responsible for numerous successes in string theory, the issue of the gauge invariance of the Chern-Simons action including these dielectric terms has so far mostly been neglected. In [19] a first attempt was made to clarify the gauge invariance of non-Abelian D-brane actions, however this was done before the work of [17, 18, 1] , so neither the covariant pullback, nor the dielectric terms were taken into account. The problem of the gauge invariance of the dielectric terms was first tackled in [20] for the R-R transformations δC p = ∂Λ p−1 by writing the action as a series of terms that involve only the R-R field strengths. The results are quite limited though, as they do not take into account the full R-R transformations δC p = k ∂Λ p−2k−1 B k , the NS-NS transformation δB = ∂Σ and the massive gauge transformation δC p = −mΣB (p−1)/2 . A different approach was taken in [21] . Here, instead of writing the action in an explicitly invariant way, the variations of the background fields in the non-Abelian action were reviewed. It was shown that, in order for the action to transform at the same time as a total derivative, as a scalar under U (N ) and with the correct Abelian limit, the transformation of pullback of the R-R fields in the non-Abelian action had to be defined as
for the variation δC p = ∂Λ p−1 (for the definition of the full R-R transformation rules involving the Kalb-Ramond field B, we refer to [21] ). It was also shown that the action could be written in such a way that the Kalb-Ramond field either combines with the Born-Infeld field strength F = 2∂V + i[V, V ] into the combination F = F + P [B] or appears contracted with commutator terms in the form (i X i X B) and (i X B). Defining the variation of the pullback of B analogously to (1.1)
it was argued that F was gauge invariant, while the variation of the remaining terms (i X i X B) and (i X B) was zero, due to the isometries in the transverse space necessary in order to perform the T-dualities. The presence of the isometries was believed to be related to the problem of how to perform general coordinate transformations in a non-commutative geometry.
There are reasons to believe, however, that these arguments are not quite true. A first hint comes from the fact that for the dielectric effect, the expansion of N Dp-branes into a spherical, fuzzy D(p + 2)-brane, the dependence on the transverse direction is necessary. In some way, the isometry direction can be removed and the dependence restored after the T-duality is performed, just in the same way as in the Abelian case.
This leaves us with two questions, an immediate and a deeper one. The immediate question is: what happens to the NS-NS gauge invariance of the Chern-Simons action and more precisely, what is the variation of the contracted Kalb-Ramond fields (i X i X B) and (i X B)? Do we need to add more terms to the action in order to cancel these variations or is the action invariant in its present form, as derived from T-duality in [1] ? We will show in this letter that all the fields in the action (both target space as worldvolume) transform non-trivially under NS-NS transformations and that the action is in fact invariant.
The deeper question is about the role played by the non-commutative general coordinate transformations in a non-Abelian action. The restoring of the dependence of transverse coordinates after T-duality is not the only example of non-commutative diffeomorphisms playing a subtle role in the calculation. In [22, 13] an effective action for non-Abelian gravitational waves was used, which strictly speaking is only valid after the coordinate transformation X → Y and Y → −X. Although it is not clear how to perform such a coordinate transformation in a rigorous way, the results reproduce precisely the known results of the Abelian limit.
There have been numerous studies about non-commutative diffeomorphism invariance in string theory [23, 24, 25, 26, 27] , ranging from worldsheet arguments to geometrical approaches. In this paper we would like to focus the issue from a different perspective. As we are originally interested in the gauge invariance of the non-Abelian Chern-Simons action, we will try to obtain some information about the structure of coordinate transformations from these gauge transformations.
It is well known that T-duality interchanges winding and momentum modes, or in other words certain components of the metric with certain components of the Kalb-Ramond field. It is then clear that the variations of the Kalb-Ramond field (i.e. NS-NS gauge transformations) are mapped by T-duality into variations of the metric (i.e. coordinate transformations), at least part of each of these. We will apply T-duality on the variations of the worldvolume fields and derive their transformation rules.
The paper is organised as follows: in section 2 we derive carefully the variations of the worldvolume fields (embedding scalars and Born-Infeld vector) under worldvolume and target space diffeomorphisms, U (N ) gauge transformations and NS-NS gauge transformations, as implied by T-duality. In particular, we will see that the non-Abelian embedding scalars transform nontrivially under NS-NS transformations. In section 3 we concentrate on this NS-NS variation and derive the precise form of the variations of the different constituents of the action and in section 4 we prove the invariance of the non-Abelian D6-brane Chern-Simons action under these transformations. The general case of the non-Abelian Dp-brane action is left for Appendix A.
Variation of the worldvolume fields through T-duality
The T-duality between a Dp and a D(p − 1)-brane implies, at the level of the effective actions, that the physical content of both effective actions is equivalent. In particular, there exists a one to one map between the field content of both actions. Furthermore, the role played by specific fields in one action should be the same as the role played by these fields in the other one. It turns out that from these two properties we can derive information about the form of the action and the variation of the worldvolume fields.
Let us first look briefly at the Abelian case, in order to set our conventions. A well known consequence of the first property is the mixing of the embedding scalars X and the Born-Infeld (BI) vector V under T-duality [16] : whereas the bosonic field content of the Dp-brane consists of a (p + 1)-dimensional U (1) vectorVâ and (9 − p) transverse scalars Y i , the field content of the D(p − 1)-brane contains a vector V a in one dimension less, but has one extra transverse scalar X
x . The T-duality between the D(p − 1)-brane and the Dp-brane, performed in one of the worldvolume directions of the Dp-brane, therefore maps the extra component ofVâ into the extra transverse scalar of the Xî's. Concretely, the T-duality map between the bosonic worldvolume fields is given by
The last equation is merely an expression of the fact that we write the actions in the static gauge, at least the direction in which the T-duality is performed, while the first two state that the BI vector components and the transverse scalars in directions different from the T-dualised one are the same in both actions. The third equation is the one that matches the bosonic degrees of freedom, mapping the x-component of the Dp-brane BI vector with the extra embedding scalar of the
It is easy to show that under the above transformations (2.1) the BI field strengthFâb = 2∂ [â Vb ] and the pull-back ∂âY i transform under T-duality as:
These duality rules, together with the duality rules for the background fields [28] , guarantee the fact that the action of the Dp-brane is mapped into the action of the D(p − 1)-brane [15, 16] . The second conclusion, namely that the role played by each field in both actions should be the same, implies that the variations of the worldvolume fields should have the same form in both actions. In particular, the BI vectorVâ of the Dp-brane transforms as a vector under worldvolume coordinate transformationsζâ, as a gauge potential under U (1) 
given that the gauge parameters transform under T-duality aŝ
where we denote by ξμ the parameter of general coordinate transformations δxμ = −ξμ in the target space. The interchange between parameters of coordinate transformationsζ and ξ, and NS-NS gauge transformations Σ is a consequence of the interchange of components of the metric and components of the Kalb-Ramond field by T-duality.
With the same duality rules we can also derive the variations of the embedding scalars. From the variation ofV x , we see that X
x transforms as a scalar under worldvolume coordinate transformations, but as a coordinate under target space diffeomorphisms:
The form of the transformation rule for X x suggests that the variation of the embedding scalars in general are given by:
Indeed, assigning the same status to the Yμ's as to the Xμ's by supposing that their variations are given by δYμ =ζb∂bYμ − ξμ. (2.8)
Applying T-duality to Y i we find exactly the equation (2.7). Note that where the interchange of gauge transformations and diffeomorphisms in the Abelian case is an obvious consequence of the T-duality rules, the same property might become especially interesting in the non-Abelian case, where the concept of general coordinate transformations is much more difficult to understand. We will come to this point later on in this section.
Much of the above story holds also for the non-Abelian case. The T-duality rule for the worldvolume fields (2.1) and the gauge parameters (2.5) are the same as for the Abelian case, as they match the degrees of freedom in both actions. The main difference however lies in the duality rules for the U (N ) covariant pullbacksDâYμ = ∂âYμ + i[Vâ, Yμ] and the Yang-Mills field strengthsFâb = 2∂ [â Vb ] + i[Vâ,Vb]. In the non-Abelian case, these rules are given bŷ
As was first realised in [1] , due to the non-trivial commutator term in the covariant derivative in the pullback, there is a non-trivial contribution from the dualisation of
These extra contributions give rise to the so-called dielectric terms in the non-Abelian D-brane actions, enabling a Dp-brane to couple to R-R field of rank n > p + 1. It is not difficult to see that a similar effect happens when deriving the duality rules for the gauge parameters (2.5). The non-Abelian generalisation of the variations (2.3) of the BI vector Vâ are given by δVâ =ζb∂bVâ + ∂âζbVb +Dâχ − ΣμDâYμ. (2.11)
Note thatVâ still transforms as a vector under the general coordinate transformations of the worldvolume coordinates (which remain Abelian), but has been promoted to the Yang-Mills vector of the U (N ) gauge group. Consistently with the pullbacks of the background fields in the actions we have replaced the pullback of the NS-NS gauge parameter Σμ by a covariant pullback. 6 A straightforward calculation, dualising theV a -components of (2.11), shows that the variation of the BI vector of the D(p − 1)-brane is of the same form:
where again we used the T-duality rules (2.5) for the gauge parameters.
In the same way, T-dualising theV x component of (2.11), we obtain the variations of X x : 13) which suggests the following variation for the general embedding scalars Xμ:
Indeed, analogously as in the Abelian case, supposing that the variation of Yμ is of the form (2.14)
and applying T-duality to Y i , we find exactly the equation (2.14). Note that the variation of the embedding scalars is considerably more complicated than in the Abelian case. The first and the third term state that the X's (or Y 's) behave as scalars under worldvolume coordinate transformations and sit in the adjoint of the U (N ) gauge group, as one expects.
The second term of (2.14) says that the embedding scalars are in fact the coordinates in the target space and transform as such under target space diffeomorphisms. Note that we have not made any assumption on how non-commutative diffeomorphisms should be performed and that the above form of the variation is induced by T-duality. It is remarkable that, in spite of the difficulty of how to implement non-commutative general coordinate transformations, in our case the variation of the embedding scalars does not receive any non-Abelian corrections, in contrast to the proposals made in for example [25] or [27] . Note however that the algebra under which the coordinates transform is different for [27] . There the coordinates fulfill the canonical commutation relations [Xμ, Xν] = iθμν , where as in our case they are scalars in the adjoint representation of U (N ). It is known that the way of how to generalise non-commutative diffeomorphisms depends on the algebra satisfied by the coordinates.
Finally, the last term of (2.14) is a variation due to the NS-NS gauge transformation of the Kalb-Ramond field δBμν = 2∂ [μ Σν ] . This term is entirely non-Abelian and it arises exactly the same way as the dielectric couplings in [1] , namely due to the non-trivial commutator term in the pullback ΣμD x Yμ in (2.11). The existence of this term was already suggested in [29] , though its interpretation is less clear. In [24, 25] it was observed that from the string theory point of view it is not clear whether transformations of the embedding scalars of the form δX ∼ [X, X] are in fact geometrical, i.e. whether they are really coordinate transformations. Our derivation, made above, seems to indicate that this is indeed not the case and that (at least part of) these transformations should be seen rather as NS-NS gauge transformations acting on the embedding scalars, given that they transform with the same parameter as the Kalb-Ramond field Bμν.
It has also been suggested in [29] that these transformations could take care of the NS-NS gauge transformations of the terms of the form [Xμ, Xν]Bμν and [Xμ, Xρ]Bμν in the Chern-Simons term of the non-Abelian Dp-branes. As explained in the introduction, these are precisely the terms that do not combine into the (apparently) gauge invariant quantity F = F + P [B] and therefore seem to challenge the NS-NS gauge invariance of the non-Abelian Chern-Simons action. Note however that the situation is much more complex now, since together with the embedding scalars, also the pullbacks, the dielectric couplings and even the bulk fields will transform under the NS-NS transformations. We will show in the following sections that the action is in fact gauge invariant if one take into account the variations of the all these constituents.
NS-NS transformations of the fields
Before we will show the NS-NS gauge invariance of non-Abelian Chern-Simons action, it is convenient to have a closer look on how the different constituents of the action transform under the Σμ-transformations. It will be clear that, once the embedding scalars transform under the variation, all fields and quantities that depend on them will start to transform as well.
It is straightforward to show that under the NS-NS gauge transformation
the BI field strength, the U (N ) covariant pullback and the commutator transform as follows:
As a target space field Φ depends on the non-Abelian coordinates via the non-Abelian Taylor expansion [30, 31] 
the variation of this field under the transformations (3.1) is given by
Note that the Kalb-Ramond field has an extra term due to its own gauge variation. Its full variation is therefore given by
Using the properties of the non-Abelian Taylor expansion (3.3), one can derive the following useful identities for general background fields
The Taylor expansion (3.3) requires a symmetrised trace prescription [32] , so the identities (3.6) are only valid when performed inside the action. Taking in account the restriction of the symmetrised trace, one can use the identities (3.6) to rewrite the variations (3.1), (3.2) and (3.4), yielding
Note that, except for the variation of V a , all variations have the same structure:
Furthermore the second term in the variation is proportional to (i X i X ∂Σ), which has the same form as what one naively would say is the variation of (i X i X B), one of the terms that do not combine into an F . On the other hand, the correction terms, present in the variation of F , DX and [X, X] are proportional to different contractions of ∂Σ with the embedding scalars. We will see in the next section that the variations have precisely the correct structure to ensure the gauge invariance of the action. Finally it is worthwhile to notice that the general structure of the transformations given in (3.8) holds, even for the case where Z is a composite object. It is not difficult to show that in that case we have that
+ possible correction terms due to Z 1 (3.9)
+ possible correction terms due to Z 2 ,
To summarise, we give in shorthand notation the variations (3.7) of the objects that appear in the action:
The convention for the last term in the variations of DX and [X, X] should be clear from (3.7), but for the sake of clearness give our convention explictly:
We recall that strictly speaking the above variation rules are only valid when used inside a symmetrised trace.
Invariance of the D6-brane action
In this section we will prove the gauge invariance of the non-Abelian Chern-Simons action of the D6-brane, as it is the simplest non-trivial case. (For a general proof of the invariance of the Dpbrane action we refer to Appendix A.) It is however instructive to first consider the variation of a typical term from the action. Given the transformation rules (3.10), it is not difficult to see that the variation of a typical term
in the Chern-Simons action will transform as follows:
where the first two terms come from the general structure of the variations, the third term from the correction term in the variation of [X, X], the fourth one from the variation of B µν , the fifth from the correction term in the variation of the DX's and the last term from the correction term in the variation of F . Making use of the fact that the different (i X i X ) contractions are distributed over the antisymmetrised combination of background fields (C p B k ∂Σ) as
we can combine the second, the third and the fifth term of (4.2) and rewrite the expression as
Note that we have omitted the first term of (4.2), since the trace of a single commutator of U (N ) matrices is zero. We then see that the variation of a typical term (4.1) can be written as contractions of commutator couplings with the antisymmetrised combination (C p B k ∂Σ) or contractions of (C p B k ) antisymmetrised with ∂Σ. The point now is that the various contributions in the variation of terms with the same value for p, but with different values for r, k and m will cancel the terms in (4.4). We will show that the coefficients of each term are such that the respective terms precisely cancel.
The Chern-Simons part of the non-Abelian D6-brane action can be written as [1]
where the coefficients α rnk are given by
The star in the summation over k indicates that for the terms with r = 1 and n = 4 the lowest possible value is actually k = 1 rather then k = 0. Making use of (4.4), the variation of L D6 yields
where we omitted the single commutator term, as it vanishes upon taking the trace. The r = 1 contributions in the last two term are zero, since on the one hand we have four embedding scalars contracted with an antisymmetrised combination of background fields, while on the other hand the D6-brane only has three transverse (and hence non-Abelian) scalars. Writing out explicitly the remaining terms, we find
as the first term cancels the third after relabeling k − 1 = l, the second term cancels the fifth after relabeling n − 1 = m and k − 1 = l and the the fourth term cancels the last one after relabeling n − 1 = m. In summary, the variation under the NS-NS variations of the D6-brane vanishes exactly, as it can be written as a series of terms which cancel each other exactly, plus a series of terms that are identically zero, either because they form a single commutator, or because they contain more dielectric couplings than the transverse directions actually permit.
The general result for the invariance of the Dp-brane is completely analogous, though it involves a few more terms which are not present in this simple case. We will not give the full proof here and refer the interested reader to appendix A.
Discussion
We have seen that the requirement that the worldvolume fields in the Dp-brane action play the same role as in the D(p − 1)-brane, as T-duality suggests, induced non-Abelian variations for the embedding scalars δX
Given that the parameter Σ µ is the same as the parameter of the gauge transformations of the Kalb-Ramond field B µν , these variations can be interpreted as NS-NS gauge transformations of the embedding scalars.
The fact that the embedding scalars transform under gauge transformations implies that almost all of the components of the action transform as well in a non-trivial way: the pullbacks and the dielectric couplings, as they are combinations of the X's, but also the background fields, as they are functions of the embedding scalars, even while in supergravity they are inert under NS-NS transformations.
The immediate question then arises whether the non-Abelian D-brane action as given in [1] is invariant under these NS-NS transformations. In particular: are these variations able to cancel the variations of the terms of the form (i X i X )B and i X B which were ignored in the study of the gauge invariance made in [21] ?
We showed that this is indeed the case: the variations of the different components of a typical term P [(i X i X ) r (C p B k )]F m (pullbacks, dielectric couplings, BI field strength, and background fields) are such that they combine with the variation of other terms with different values for r, k and m, and either cancel each other or form terms that vanish identically. The remarkable feature therefore is that the gauge invariant combinations are not, as in the case of the R-R gauge invariance, blocks with the same number r of dielectric couplings, but blocks with the same rank p of the R-R field. Furthermore it is remarkable that in spite of the non-trivial way each field transforms, the action is invariant in its present form. Therefore the conjecture of [21] , predicting the existence of extra terms coming from a proper covariant formulation of the action, turns out to be wrong, at least in so far as they are needed to obtain an action which is invariant under the NS-NS transformations.
It is worth noticing that the way the NS-NS transformations act on the background fields is quite different from how the R-R transformations. In [21] it was proposed that the variations of the pullback of a R-R field is the derivative of the pullback of the gauge parameter
Actually, this was seen as the very definition of how to implement the R-R gauge transformation in the non-Abelian worldvolume, as it is the only way to assure the the variation is a total derivative, a scalar under U (N ) and reduces to the known Abelian case. In other words, the implementation of the transformation rules had to be changed in order to obtain an invariant action. However in the case of the NS-NS gauge invariance, the transformation rules of each of the components was derived through T-duality and the variation of a typical term is just the sum of the variations of its components. For example the difference can be clearly seen when comparing the defined variation of P [C 2 ] and the derived variation of P [B 2 ], which are supposed to be each other S-duals. Acting with the covariant derivative of (5.1) inside the pullback, we have
However one has to bear in mind that S-duality takes the action beyond the perturbative regime and that it is not clear how to incorporate this symmetry in a non-Abelian theory. It is therefore not surprising that, in the actions considered here, fields that belong to different sectors transform in different ways under gauge transformations. In a fully non-perturbative description, both expressions (5.2) will most likely receive corrections, such that the symmetry is restored.
Finally it is not difficult to see that the corrections found in the NS-NS variation do not induce corrections in the massive gauge transformations in mIIA theory, even though these have the same gauge parameter Σ. We can therefore conclude that the non-Abelian Chern-Simons action for D-branes as presented in [1] and completed with the mass term of [19] is invariant under the complete R-R, NS-NS and massive gauge transformations of the background fields.
A Invariance of the general Dp-brane action
The proof of the invariance of the non-Abelian Chern-Simons action for Dp-branes is analogous to and only slightly more complicated than the derivation given in section 4 for the D6-brane. We give the general result here for the sake of completeness.
The Chern-Simons part of the general non-Abelian Dp-brane action is given by L Dp = STr The square brackets in the upper summation limit refer to the integer part of the fraction, while the star in the summation over k indicates that for the terms with n > (p + 2k + 1)/2 the lowest possible value is actually k = (2n − p + 1)/2 rather then k = 0. The variation of the action is given by δL Dp = STr α rnk
where we have omitted the single commutator and the r = [ It is straightforward to see that the r = 0 contribution of the first term cancels the r = 0 contribution of the second term. Similarly, the r = 0 contributions of the first term cancel the third term, while the r = 0 contributions of the second term cancel the fourth one.
